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We point out that half-quantized non-Abelian vortices exist as the minimum energy states in
rotating neutron 3P2 superfluids in the inner cores of magnetars with magnetic field greater than
3 × 1015 Gauss, while they do not in ordinary neutron stars with smaller magnetic fields. One
integer vortex is split into two half-quantized vortices. The number of vortices is about 1019 and
they are separated at about µm in a vortex lattice for typical parameters, while the vortex core size
is about 10-100 fm. They are non-Abelian vortices characterized by non-Abelian first homotopy
group, and consequently when two vortices corresponding to non-commutative elements collide, a
rung vortex must be created between them, implying the formation of an entangled vortex network
inside the cores of magnetars. We find the spontaneous magnetization in the vortex core showing
anti-ferromagnetism whose typical magnitude is about 108−9 Gauss that is ten times larger than
that of integer vortices, when external magnetic fields are present along the vortex line.
I. INTRODUCTION
Neutron stars (NSs) or pulsars are rapidly rotating,
massive and compact stars accompanied by a strong mag-
netic field, and so they provide a subject extensively
studied in broad area of physics from astrophysics to
nuclear and high energy physics and condensed matter
physics. Most abundant middle-aged pulsars show mag-
netic field B ∼ 1011−13 Gauss on their surfaces. In re-
cent years, young NSs with much stronger magnetic field
B ∼ 1013−15 Gauss on their surfaces have been observed
by the observations of some soft gamma ray repeaters
and anomalous X-ray pulsars. This class of NSs is called
as magnetars [1–4]. There have been various theoretical
attempts to attribute the origin of the strong magnetic
field of NSs to the intrinsic magnetization of the neutron
star matter. However, no enough explanation about their
origin has been given. Here, we discuss consequences of
such strong magnetic fields in magnetars in the presence
of neutron superfluids in their cores.
Neutrons are believed to form Cooper pairs to consti-
tute a superfluid inside the cores of neutron stars since
the proposal [5], as in liquid helium 3, metallic supercon-
ductors, and ultracold fermion gases. At densities lower
than the normal nuclear matter density, the conventional
and isotropic singlet (1S0) pairs are formed while the
anisotropic triplet (3P2) attractive interaction becomes
comparable to the 1S0 pairs at the normal nuclear mat-
ter density, where a transition is expected to occur [6–11].
The widely accepted observational evidence for the exis-
tence of neutron superfluids is observed long relaxation
time τ (∼ weeks for Crab and ∼ years for Vela) after
pulser glitches [12–14]. Other signals contain the sudden
speed-up events of neutron stars (called pulsar glitches
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[15]) proposed to be a consequence of the unpinning dy-
namics of a large number of superfluid vortices pinned on
the nuclei [16], and the cooling process of a neutron star
[17, 18]. One of the most important consequences of the
existence of a superfluid would be superfluid vortices. If
a superfluid is rotating inside a neutron star, it must be
threaded by superfluid vortices along the rotation axis,
as well established in helium superfluids and ultracold
atomic gases. The number Nv of vortices with the unit
circulation created inside rotating neutron stars can be
estimated to be
Nv ∼ 1.9× 1019
(
1ms
P
)(
M∗
900MeV
)(
R
10km
)2
(1)
using the period P of the neutron star, the effective neu-
tron mass M∗ , and the radius R of the neutron super-
fluid. The vortices will constitute a lattice, and the mean
distance between vortices is about d ∼ 1.7 × 10−6m for
the typical values for P , M∗ and R in Eq. (1), which
is much larger than the coherence length ξ ∼ 10 − 100
fm of the neutron superfluid, or the core size of vortices.
Therefore, a large number of thin vortices must exist.
Exotic vortices are predicted to exist in recent de-
velopments of ultracold atomic gases, in particular in
spinor Bose-Einstein condensates (BECs). Prime ex-
amples are fractionally quantized non-Abelian vortices
[19–21] in spin-2 BECs. The term “non-Abelian” indi-
cates elements of the first homotopy group to be non-
Abelian (non-commutative) [22, 23], and consequently
when two non-Abelian vortices, characterized by homo-
topy group elements that do not commute, collide, it is
inevitable to form a rung vortex that bridges the two
vortices [20, 22, 23], implying the formation of a tan-
gled network of vortices and long lifetime of vortices af-
ter their formation at the phase transition [24–26]. Such
non-Abelian vortices may drastically change statistical
properties of superfluids in non-equilibrium, such as the
Kolmogorov law of energy cascades of quantum turbu-
lence.
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2In this Letter, we point out that such non-Abelian vor-
tices are present stably instead of conventional vortices
in the neutron 3P2 superfluids in the cores of neutron
stars when they are accompanied by strong magnetic
field larger than 3×1015 Gauss corresponding to magne-
tars. In order to study the 3P2 superfluids, the Ginzburg-
Landau (GL) free energy, derived in Refs. [10, 11] in the
weak coupling limit, is useful although it is valid only
near the critical temperature. For instance, the ground
state was determined to be in the nematic phase [27] ac-
cording to the classification by Mermin [28]. In the ab-
sence of magnetic field, it is continuously degenerated up
to the forth order, as the nematic phase of spin-2 BECs
[29, 30]. The ground state in the presence of the magnetic
field has been determined recently [31] to be the uniax-
ial nematic phase with the magnetic field smaller than
1014 Gauss corresponding to ordinary neutron stars, the
D2 biaxial nematic with intermediate magnetic field, and
theD4 biaxial nematic phase with magnetic field stronger
than 3 × 1015 Gauss corresponding to magnetars. Inte-
ger vortex structures in 3P2 superfluids were discussed
in the GL equation in the absence [11, 32, 33] and the
presence [31] of magnetic fields. In particular, the spon-
taneous magnetization of a vortex core, pointed out in
Ref. [33], has been calculated explicitly [31]. Here, we
find half-quantized non-Abelian vortices in the 3P2 su-
perfluids in magnetars. In this case, the ground state is
in the D4 biaxial nematic phase. An integer vortex stud-
ied before is unstable to decay into two half-quantized
non-Abelian vortices, and therefore non-Abelian vortices
are the most fundamental topological degrees of freedom.
We classify vortices, construct the vortex solutions, and
calculate the magnetization of the vortex core induced by
the neutron anomalous magnetic moment, with finding
that it behaves as an anti-ferromagnet; it is magnetized
opposite to the direction of the applied magnetic field.
The typical magnitude of the magnetic field inside the
vortex core is about 107−8 Gauss that is ten times larger
than that of integer vortices.
II. GINZBURG LANDAU FREE ENERGY FOR
3P2 SUPERFLUIDS AND THE GROUND STATE
We first give the GL free energy and determine the
ground states in the presence of strong magnetic fields.
The GL free energy for the 3P2 superfluids was derived
in Refs. [10, 11, 34] in the weak coupling limit by consid-
ering only the excitations around the Fermi surface and
assuming the contact interaction. The order parameter
for 3P2 superfluidity is given by 3×3 traceless symmetric
tensor Aµi defined by
∆ =
∑
µi
iσµσyAµiki (2)
with the gap parameter ∆. Here, the Latin letter µ and
the Roman letter i stand for the spin index and spatial
coordinates, respectively. The continuous symmetry act-
ing on the matrix A is
A→ eiθgAgT , eiθ ∈ U(1), g ∈ SO(3). (3)
The free energy density F can be written as
F =
∫
d3ρ (fgrad + f2+4 + f6 + fH) (4)
where the gradient term fgrad, the second, fourth f2+4
and sixth order f6 terms [34] and the magnetic interac-
tion term fH are given by
fgrad = K1∂iAµj∂iA
†
µj +K2(∂iAµi∂jA
†
µj + ∂iAµj∂jA
†
µi)
f2+4 = αTrAA
† + β[(TrAA†)2 − TrA2A†2],
f6 = γ[−3(TrAA†)|TrAA|2 + 4(TrAA†)3
+12(TrAA†)Tr(AA†)2 + 6(TrAA†)Tr(A2A†2)
+8Tr(AA†)3 + 12Tr[(AA†)2A†A]
−12Tr[AA†A†A†AA]− 12TrAA(TrAA†AA)∗],
fH = g
′
HH
2Tr(AA†) + gHHµ(AA†)µνHν , (5)
respectively. The GL parameters are summarized in Ap-
pendix A.
Following the classification of the ground states in the
general case [28], the ground state of 3P2 superfluids was
found to be in the nematic phase [27], in which the tensor
A is in the form of A ∝ diag(r,−(1+r), 1) with a real pa-
rameter r ∈ R (−1 ≤ r ≤ −1/2). The ground state in the
presence of external magnetic field H was determined re-
cently [31] to be in the UN phase (r = −1/2) or in D2 BN
phase (−1 < r < −1/2) for the weak magnetic field for
ordinary neutron stars, and the D4 BN phase (r = −1)
for the strong magnetic field greater than 3× 1015 Gauss
for magnetars. Here, we consider such strong magnetic
fields along the vortex line in the z direction (H ‖ z)
or the angular direction (H ‖ θ). In the ground state,
the eigenvalues of the matrix A are 1, −1 and 0, among
which the zero eigenvalue is directed along the magnetic
field so that the energy contribution from the magnetic
fields vanish. Consequently, the order parameter
Ag.s. = ±
√
|α|/2β diag. (1,−1, 0) (6)
is diagonalized in the (x, y, z) coordinate basis for H ‖ z
and in the (ρ, z, θ) basis for H ‖ θ. For the latter case,
non-zero components are Aρρ = −Azz = ±
√|α|/2β, and
the order parameter in the original Cartesian (x, z, y) co-
ordinate basis can be obtained by O(θ)Ag.s.O
T (θ) with
O(θ) =
 cosθ 0 −sinθ0 1 0
sinθ 0 cosθ
 . (7)
The symmetry of this state is D4 defined by
D4 = {(1,13), (1, I1), (1, I2), (1, I3), (−1, R),
(−1, I1R), (−1, I2R), (−1, I3R)} ⊂ U(1)× SO(3),
I1 =
 1 −1
−1
 I2 =
 −1 1
−1
 ,
I3 =
 −1 −1
1
 , R =
 0 −11 0
1
 . (8)
3Here, I1,2,3 represent for pi rotations around the first,
second and third axes, respectively, where the labels rep-
resent for (1, 2, 3) = (x, y, z) for H ‖ z and (1, 2, 3) =
(ρ, z, θ) for H ‖ θ. The element R represents for pi/2
rotation around the the third (z or θ)-axis (R2 = I3)
and is accompanied by a pi phase rotation of U(1). The
same D4 BN phase appears in spin-2 BECs [21, 29, 30],
and so these systems share common features. The order
parameter space (OPS) of the D4 BN phase is
G/H =
U(1)× SO(3)
D4
' U(1)× SU(2)
D∗4
(9)
where D∗4 is the universal covering group of D4, given by
D∗4 = {(1,±12), (1,±iσ1), (1,±iσ2), (1,±iσ3),
(−1,±C), (−1,±iσ1C), (−1,±iσ2C), (−1,±iσ3C)},
C =
1√
2
(
1 + i 0
0 1− i
)
, (C2 = iσ3) (10)
with the Pauli matrices σa. The nontrivial homotopy
groups of the OPS in Eq. (9) up to the 4th are
pi1 = Z×h D∗4 , pi3 = Z, pi4 = Z2. (11)
We focus on the first homotopy group characterizing vor-
tices, that contains non-Abelian group D∗4 (see Ref. [35]
for the definition of the product “×h”). The first four ele-
ments constitute the quaternion group Q for spin vortices
in biaxial nematic liquid [23, 36, 37], while the rests cor-
respond to half-quantized non-Abelian vortices. We note
that when two vortices characterized by the elements a
and b collide, a vortex characterized by [a, b] is created
when it is a nonzero element and bridges these two vor-
tices [23].
III. HALF-QUANTIZED VORTEX
Here we construct a half-quantized vortex correspond-
ing to (−1, R) in Eq. (8) and (−1,±C) in Eq. (10). We
consider the following Ansatz for the order parameter of
a vortex state
A =
√
|α|
6β
eiθ/2R(θ)
 f igeimθ+iδ 0igeimθ+iδ −f 0
0 0 0
RT (θ)
R(θ) =
 cosθ/4 −sinθ/4 0sinθ/4 cosθ/4 0
0 0 1
 , (12)
in the (x, y, z) basis forH ‖ z and in the (ρ, z, θ) basis for
H ‖ θ, with the position dependence in the cylindrical
coordinates (ρ, θ, z). For the latter, the order parameters
in the Cartesian (x, z, y) coordinates is O(θ)AOT (θ) with
Eq. (7). Here m is an integer and f(ρ), g(ρ) are profile
functions with the boundary conditions
(f, g)→ (
√
3, 0) as ρ→∞, (0, 0) as ρ→ 0. (13)
The configuration in Eq. (12) corresponds to the element
(−1, R) of pi1 in Eq. (10) because of R(θ) = R and eiθ/2 =
−1 at θ = 2pi. The overall phase eiθ/2 represent half-
quantization. Although eiθ/2 is not single-valued, R gives
the minus sign with keeping the order parameter itself
single-valued at θ = 2pi. The Ansatz in Eq. (12) is the
most general for axially symmetric configurations where
the other components must vanish to be compatible with
the group action.
We now solve vortex solutions numerically. With the
boundary conditions in Eq. (13), we solve the vortex pro-
files f and g as functions of the radial coordinate ρ and
plot in Fig. 1 (a) and (b), respectively. In numerical
simulations, we have changed ρ (0 ≤ ρ < ∞) as tanhρ
(0 ≤ tanhρ < 1), divided the domain of tanhρ into 100
parts and solved the equations of motion in Appendix
C simultaneously in the Newton’s method. We set the
magnetic field (arbitrary) larger than 3×1015 Gauss, for
which the results do not depend on the value of the mag-
netic field. In Fig. 1 (a), we plot the profiles f with m = 0
(the red curves) and m 6= 0 (the black curves) in the up-
per (for H ‖ z) and lower (for H ‖ θ) panels. For both
the cases, as shown by the equation of motions for the
cylindrical basis in Appendix C, Eq. (C2) is proportional
to g for m 6= 0. Due to the boundary conditions g = 0
at ρ = 0,∞, only the trivial solution g = 0 is allowed for
m 6= 0 where all m 6= 0 give the identical solution. For
H ‖ θ in the lower panels, the profiles f with m = 0 (the
red curve) and m 6= 0 (the black curves) take different
values although they are almost overlapped. In summary,
we have obtained two solutions g 6= 0 and g = 0 for each
case of H ‖ z and H ‖ θ. The solutions g = 0 are
metastable solutions.
Next, we calculate the spontaneous magnetization of
3P2 vortex cores due to the neutron anomalous magnetic
moment. The vortex magnetization M(ρ) in the half-
quantized vortex core can be calculated as
M =
γn~
2
σˆ, (14)
with the gyromagnetic ratio γn of the neutrons and
σˆ = T
∑
n
∫
d3k
(2pi)3
Tr(σG(k, ωn))
=
4
9
N ′(0)k2F
|α|
6β
g(ρ)2f(ρ)cosmθzˆ (15)
where G(k, ωn) is a thermal Green function and ωn =
(2n + 1)piT is the Matsubara frequency and N ′(0) =
M2
2pi2kF
is the density of states differentiated by the en-
ergy E = k2/2M , N ′ = M
2
2pi2k , evaluated at the Fermi
surface k = kF . We obtain the magnetization M as a
function of ρ and plot Mz in Fig. 1 (c). The red and
black curves correspond to the cases for g 6= 0 (m = 0)
and g = 0 (m 6= 0). First, due to the axial symmetry
around the z axis, the (ρ, θ) component of the tensor Aµi
in the cylindrical basis or (x, y) component of the tensor
Aµi in the Cartesian basis must have the nonzero value
to produce a net spontaneous magnetization along the
z-axis. In the case with H ‖ θ, the (ρ, θ) component
of the tensor A is zero as shown in Eq. (12). There-
fore, we obtain Mz = 0 for all the cases. On the other
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FIG. 1. The profile functions and the magnetization. The upper and lower panels are for H ‖ z and H ‖ θ, respectively. The
profile functions (a) f and (b) g as functions of the distance ρ/ξ from the vortex center. The red and black curves correspond
to g 6= 0 (m = 0) and g = 0 (m 6= 0) for which all m result in the same solution. (c) The dependence of the magnetizations Mz
on the distance ρ/ξ from the vortex core.
hand, if we apply the magnetic field along the z-axis, the
(x, y) component of the tensor A is proportional to g. As
we already discussed, g has the nonzero value only for
m = 0. This is the reason why only the case for m = 0
has the spontaneous magnetization. We have found that
vortex core magnetization is anti-ferromagnetic, that is,
the magnetization is anti-parallel to the direction of the
external magnetic field. The maximum value of Mz is
about 109 Gauss, that is ten times larger than that with
the integer vortex [31]. This spontaneous magnetization
is still negligible in observations, since the distance be-
tween vortices is much smaller than the coherence length
as we discussed in Ref. [31] for the case of an integer
vortex.
Finally, we discuss that half-quantized vortex states
give the minimum energy in the D4 BN phase under ro-
tation rather than integer vortex states. For simplicity
we concentrate on the case of H ‖ z. Fig. 2 shows how
an integer vortex is split into two half-quantized vortices.
Let us consider an integer vortex located at the origin,
given by eiθAg.s. with Eq. (6) at large distance ρ → ∞
encircled by a path b1 + b2. Along each of the paths
b1 and b2, the overall phase of the gap is rotated by pi.
Now let us consider a path r along the x coordinate that
splits b1 + b2. The integer vortex can be split into two
FIG. 2. Splitting an integer vortex into two half-quantized
vortices.
half-quantized vortices separated in the y direction at
V1 and V2. Along the path r, the tensor is given by
A = R(x)Ag.s.R
T (x) where we assign an SO(3) rotation
R(x) by pi/2 given by
R(x) =
 cosα(x) −sinα(x) 0sinα(x) cosα(x) 0
0 0 1
 , (16)
with a real function α(x) satisfying the boundary condi-
tions α(x)→ 0 at x→ −∞ and α(x)→ pi/2 at x→ +∞.
The closed paths b1+r and b2−r encircling V1 and V2, re-
spectively, represent half-quantized vortices correspond-
5ing to (−1, R) and (−1, RI3) = (−1,−R), respectively in
Eq. (10). When one of them is well separated from the
other, it gives the configuration in Eq. (12) where both
the phase and SO(3) rotation become monotonic to de-
crease the energy. This splitting is energetically favored
because the tension of the vortex is proportional to the
circulation [the U(1) winding number] squared. If the
two half-quantized vortices are infinitely separated the
energy is proportional to (1/2)2 + (1/2)2 = 1/2 that is
less than 1 for one integer vortex.
IV. SUMMARY AND DISCUSSION
In summary, half-quantized non-Abelian vortices exist
as the minimum energy configurations in rotating neu-
tron 3P2 superfluids in the inner cores of magnetars, in
which the D4 BN phase is realized. These vortices are su-
perfluid vortices carrying half-quantized circulations and
about 1019 vortices are created along the rotation axis for
typical magnetars. When the magnetic field is present
along the vortex line, the spontaneous magnetization oc-
curs in the vortex core, exhibiting anti-ferromagnetism
of the order 108−9 Gauss that is ten times larger than
that of integer vortices. It does not occur for magnetic
field encircling the vortex line. These voritces belong to
non-Abelian elements of the homotopy group pi1 and con-
sequently a bridge must be created between them when
they collide. Therefore the existence of an entangled net-
work of vortices is predicted, implying long life time of
vortices created at the phase transition. When the mag-
netic field is weaker than 1015 Gauss for ordinary neu-
tron stars, the phase is in the D2 or UN phase where
half-quantized non-Abelian vortices do not exist. The
existence and absence of non-Abelian vortices may char-
acterize the distinct dynamics of magnetars and ordinary
neutron stars. The nematic phase, including D4 and D2
BN and UN phases, also exists in spin-2 BECs of ul-
tracold atomic gases, in which case these sub-phases are
controllable experimentally, and so this opens a possibil-
ity to test certain aspects of physics of neutron stars in
laboratory experiments.
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Appendix A: GL parameters
In Table I, we summarize the coefficients (the GL pa-
rameters) of the GL free energy in Eq. (4), that are calcu-
lated in the weak coupling limit by considering only the
excitations around the Fermi surface [10, 11, 34]. In this
limit, K1 and K2 take the same value. In the derivation
of α, we took g = 3pi
2
Mk3F
in order for the T dependence of
α to become that of the BCS theory. kF is the Fermi mo-
mentum defined by kF = ~c(3pi2ρ)1/3 with the neutron
density ρ, N(0) ≡ MkF2pi2 is the density of states N = Mk2pi2
on the Fermi surface at k = kF , Tc is the critical temper-
ature for the 3P2 superfluidity, γn is the gyromagnetic
ratio of the neutrons and F is the Fermi liquid correction
about the Pauli spin susceptibility.
The Riemann zeta function ζ(n) defined by ζ(n) =∑∞
k=1
1
kn takes the values ζ(3) ∼ 1.202 and ζ(5) ∼ 1.037.
In this Letter, we have taken F = −0.75, Tc = 0.2MeV,
T = 0.8Tc and ρ = 0.17/fm
3 for numerical simulations.
Appendix B: The free energy of a vortex
We calculate the free energy per the unit length of a
vortex in Eq. (12):
F =
∫
d2ρ
|α|
6β
(
K1t1 +K2t2 + αt3 +
|α|
6β
βt4 +
α2
36β2
γt5
)
(B1)
where t1 and t2 are the gradient terms and, t3, t4 and t5
are the second, fourth and sixth order terms, respectively
in the GL free energy density in Eq. (4). Here t1,2 can
be written as
t
(x,y,z)
1 = 2
f ′2 + g′2 12f2 +
(
1
4 +
(
m+ 12
)2)
g2
ρ2

− 2
ρ2
(m+ 1)fgcos(mθ + δ), (B2)
t
(x,y,z)
2 = 2
f ′2 + g′2 12f2 +
(
1
4 +
(
m+ 12
)2)
g2
ρ2

− 2
ρ2
(m+ 1)fgcos(mθ + δ) (B3)
for the configurations diagonalized in the xyz basis, and
t
(ρ,θ,z)
1 = 2(f
′2 + g′2) +
1
ρ2
(
3f2 +
(
5
2
+ 2
(
m+
1
2
)2)
g2
−2(m+ 1)fgcos(mθ + δ)) , (B4)
t
(ρ,θ,z)
2 = 2(f
′2 + g′2) +
2
ρ
(ff ′ + gg′) +
2
ρ2
(f2 + g2) (B5)
for the configurations diagonalized in the cylindrical ba-
sis. The rest terms t3,4,5 can be written in the both basis
as
t3 = 2(f
2 + g2), (B6)
t4 = 2f
4 + 2g4 + 8f2g2 + 4f2g2cos2(mθ + δ), (B7)
t5 = 48f
6 + 48g6 + (432 + 288cos2(mθ + δ))f4g2
+(432 + 288cos2(mθ + δ))f2g4. (B8)
We consider the case with δ = 0 consistent with the
equation of motion, in which the imaginary part of non-
diagonal elements is directly coupled to the real part of
diagonal element. However, the effect of δ is yet to be
clarified.
By differentiating the total free energy with respect to
f and g, we obtain the sets of the equation of motions
for each basis, as summarized in Appendix C.
Appendix C: Equation of motion
Here, we write down the equation of motion explicitly in the cylindrical basis (n = 1) and xyz-basis (n = 0).
• The equation of motions for cylindrical basis (n = 1) are given as follows:
8
∂2f
∂ρ2
+
8
ρ
∂f
∂ρ
− 1
ρ2
(10f − 2δm,0g) + 4f − f
6
(
8f2 + (16 + 8δm,0)g
2
)
− |α|
36β2
γ
(
288f5 + g2(1728 + 1152δm,0)f
3 + g4(864 + 576δm,0)f
)
= 0, (C1)
7α K1 = K2 β γ gH
N(0)
3
T − Tc
T
k2F
7ζ(3)
240M2
N(0)
(piTc)2
k4F
7ζ(3)
60
N(0)
(piTc)2
k4F −31
16
ζ(5)
840
N(0)
(piTc)4
k6F
7ζ(3)
24
N(0)
(piTc)2
(γn~)2
2(1 + F )2
H2k2F
TABLE I. The GL parameters in the weak coupling limit.
8
∂2g
∂ρ2
+
8
ρ
∂g
∂ρ
− 1
ρ2
((
9 + 4
(
m+
1
2
)2)
g − 2δm,0f
)
+ 4g − g
6
(
8g2 + (16 + 8δm,0)f
2
)
− |α|
36β2
γ
(
288g5 + f2(1728 + 1152δm,0)g
3 + f4(864 + 576δm,0)g
)
= 0. (C2)
• The equation of motions for the xyz-basis (n = 0) are given as follows:
8
∂2f
∂ρ2
+
8
ρ
∂f
∂ρ
− 4
ρ2
(f − δm,0g) + 4f − f
6
(
8f2 + (16 + 8δm,0)g
2
)
− |α|
36β2
γ
(
288f5 + g2(1728 + 1152δm,0)f
3 + g4(864 + 576δm,0)f
)
= 0, (C3)
8
∂2g
∂ρ2
+
8
ρ
∂g
∂ρ
− 4
ρ2
((
1
2
+ 2
(
m+
1
2
)2)
g − δm,0f
)
+ 4g − g
6
(
8g2 + (16 + 8δm,0)f
2
)
− |α|
36β2
γ
(
288g5 + f2(1728 + 1152δm,0)g
3 + f4(864 + 576δm,0)g
)
= 0. (C4)
